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The Absorption Properties of One-Dimensional Spherical
Photonic Crystals Based on Magnetized Ferrite Materials

Tian-Qi Zhu, You-Ming Liu, Jia-Tao Zhang, and Hai-Feng Zhang*

Based on a spherical coordinate system and Maxwell’s set of equations, the
calculation formulas of one-dimensional (1-D) magnetized ferrite spherical
photonic crystals (MFSPCs) are obtained and treated with the solution
method of the spherical Bessel equations. Combined with the conventional
transmission matrix method, expressions for the absorptance, reflectance,
and transmittance of the 1-D MFSPCs are given. 1-D MFSPCs consisting of
the general dielectric and Yttrium iron garnet (YIG) are also designed to verify
the correctness of the conclusions. Variables such as external magnetic field,
incidence angle, initial radius, and YIG thickness effects on the features of
such 1-D MFSPCs are also discussed. The transformation of the external
magnetic field has a linear relationship with the position of the absorption
band (AB). The three variables of incidence angle, initial radius, and YIG
thickness have a substantial influence on the width and position of the AB,
which can be adjusted according to the actual demand and are of high
application significance. The results of this study can be helpful for the design
of multifunctional absorbers and radome.

1. Introduction

The problems of electromagnetic wave propagation in the dielec-
tric layered structures have been a hot topic of research. Since
the introduction of the concept of photonic crystals (PCs) in two
seminal works by Yablonovitch and John,[1,2] PCs have become
a research focus in the field of optics and electromagnetism. In
1989, Yablonovitch and Gmitter experimentally confirmed the
existence of three-dimensional photonic energy band structures
for the first time, further advancing the theoretical study of PCs.
The unique optical properties of PCs have inspired scholars in
the fields of photonics,[3] electronics,[4] and materials physics.[5]

Based on their advantages of low propagation loss and reduced
ohmic loss, PCs are important in waveguides,[6,7] sensors,[8] and
absorbers.[9]

T.-Q. Zhu, J.-T. Zhang, H.-F. Zhang
College of Electronic and Optical Engineering & College of Flexible
Electronics
Nanjing University of Posts and Telecommunications (NJUPT)
Nanjing 210023, P. R. China
E-mail: hanlor@njupt.edu.cn
Y.-M. Liu
Bell Honors School of Nanjing University of Posts and
Telecommunication (NJUPT)
Nanjing 210023, P. R. China

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/andp.202200370

DOI: 10.1002/andp.202200370

The one-dimensional (1-D) PCs have
the advantage of the simple periodic di-
electric multilayer structure and simple
fabrication, which occupy an important
position in theoretical research. For the 1-
D PCs, wave propagation properties can
be analyzed and studied by acquainted
with the transmission matrix method
(TMM).[10] Based on the excellent prop-
erties of the 1-D PCs, scholars at home
and abroad have conducted highly in-
tensive research on them. At present,
in addition to ordinary 1-D planar pho-
tonic crystals (PPCs), researchers also
pay much attention to the relevant prop-
erties of the 1-D cylindrical photonic crys-
tals (CPCs).[11–14] Extensive studies on the
transmission properties of the 1-D CPCs
using TMM.[15–18] The importance of the
1-D CPCs is increasing with the growing
use of optical fibers[19] and optoelectronic
components.[20] With the research and

development of the 1-D CPCs, the field of spherical photonic
crystals (SPCs) has also attracted the attention of numerous
scholars. In 2016, Wendel and his team studied the unfold-
ing of vector spherical waves in electromagnetic fields and ob-
tained a complete set of radially independent amplitudes of vec-
tor spherical wave functions.[21] This study lays the foundation
for the theoretical investigation of SPCs. The SPCs are impor-
tant in optical displays,[22] millimeter wave communication,[23]

nanomaterials,[24] and other fields. Since the 1-D SPCs are use-
ful for broader physical applications compared with 1-D PPCs or
1-D CPCs, they have received widespread attention from schol-
ars in the world, but the theoretical studies of their transmis-
sion characteristics are scarce. Under the magneto-optical ef-
fect, the 1-D magnetized ferrite spherical photonic crystals (MF-
SPCs) possess goodmagnetic tunability and excellent anisotropy,
which have a promising future in the fabrication of multifunc-
tional magnetically tunable absorbers,[25] optical circulators,[26]

and filters.[27] Mehdian et al. investigated the magneto-optical
properties and Faraday rotation effect of plasma-ferrite compos-
ite magneto-metamaterials and analyzed the variation pattern of
the effective negative refractive index poles.[28] The magnitude of
the negative effective refractive index pole varies with frequency,
external magnetic field, and electron density of the plasma layer.
The properties of ferrite materials have great potential for the de-
velopment of waveguide circulators[29] and the design of tunable
devices.[30] However, there are few studies on the 1-D SPCs that
take full advantage of the superior magneto-optical properties of
ferrite materials.
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Figure 1. The model diagrams of the 1-D MFSPCs with periodic arrange-
ment of the general dielectric and the YIG.

In this paper, based on the peculiarity that ferrite materials are
anisotropic, the TMM is employed for the first time to derive the
expressions for the transport properties of 1-D SPCs under the
TE and TM polarization conditions. the 1-D MFSPCs are peri-
odic structures consisting of a general dielectric and YIG. The
effects of incidence angle, external magnetic field, initial radius,
and YIG thickness on the absorption properties of the 1-D MF-
SPCs are investigated, which are important guidelines for the de-
sign of multipurpose absorbers and antenna protection. Further-
more, this paper only focuses on the theoretical study of the 1-D
MFSPCs, and the specific implementation is still under study.

2. Simulation Model and Formulation

The structure of the 1-D MFSPCs is depicted in Figure 1.
The given 1-D MFSPCs are made of the general dielectric (E)
and the YIG (F) periodically arranged as (EF)N, where N rep-
resents the number of periods. The initial radius r0 is de-
fined as 10 mm, the thickness of the general dielectric P dA is
0.05 mm, and the thickness of F dB is 2 mm. The effective re-
fractive index of the general dielectric P is nP = 4, and the ef-
fective magnetic permeability of F will be described in detail
below.
Due to the special geometric properties of the sphere, inspired

by the idea of themicro-elementmethod and the definition of the
incidence angle under the CPCs,[14] the incidence angle, TE and
TM waves are defined by taking the profile of the spherical wave
and 1-D MFSPCs parallel to the wave propagation direction, as

shown in Figure 2. For this plane, the electric field E is perpen-
dicular to the plane, the magnetic fieldH is parallel to the plane,
and the wave vector k indicates the propagation direction. And
after considering the relationship between r, 𝜃, and Ψ with the
plane, define the electric field E in the TE wave as E = (0, E𝜃 , 0)
and the magnetic field H as H = (Hr, 0, H𝜑). By analogy, for the
TM modes, the electric field E takes the form of E = (Er, 0, E𝜑)
and the magnetic fieldH takes the form ofH = (0, H𝜃 , 0).
Based on the above description for TE and TM waves, the inci-

dence angle can be defined. Since both spherical waves and 1-
D MFSPCs are spherical objects, they cannot be described by
the conventional way of determining the angle of incidence by
planes. It is straightforward to associate that when dealing with
curved surfaces, we often use tangents to stipulate the angles.
Combining the above factors, it is chosen to utilize the cross sec-
tion where the spherical wave and 1-D MFSPCs intersect to de-
fine the angle of incidence 𝛾 . The intersection of the cross-section
of the spherical wave and the 1-D MFSPCs is taken as the ver-
tex of the angle, and the tangents of the spherical wave cross-
section and the 1-DMFSPCs cross-section out of the intersection
are made respectively. The angle made by the two tangents is the
angle of incidence.
In the presence of a high-frequency magnetic field, the spin

electron magnetic moment does not necessarily move in phase
with the external magnetic field. In this case, the internal mag-
netization strengthM of any ferromagnetic material is not neces-
sarily parallel or in-phase with the applied magnetic fieldH. The
total magnetic field strength can be expressed as[31,32]:

B = 𝜇0H +M (1)

In themeantime,M can be expressed in terms ofH. Therefore,
Equation (1) can be rewritten as:

B = 𝜇mH (2)

Therefore, µm can be obtained by establishing the conversion
relation between B and H. In the Cartesian coordinate system,
x, y and z are satisfied x × y = z. However, in the spherical

Figure 2. The main view and diagrammatic figure of 1-D MFSPCs with the incidence angle, electromagnetic direction and magnetic field direction
indicated in detail.

Ann. Phys. (Berlin) 2022, 2200370 © 2022 Wiley-VCH GmbH2200370 (2 of 14)



www.advancedsciencenews.com www.ann-phys.org

coordinate system, r, 𝜃 and 𝜓 are fulfilled r × 𝜃 = 𝜓 , so the form
of µm in the spherical coordinate system can be acquired by the
form of the YIG permeability tensor expression under transverse
magnetization in the Cartesian coordinate system. Due to the
different forms of the decomposition of M in r, 𝜃 and 𝜓 , B, and
H present the following relationship.

Br = 𝜇rHr + j𝜇kH𝜑 (3a)

B𝜃 = 𝜇0H𝜃 (3b)

B𝜑 = −j𝜇kHr + 𝜇rH𝜑 (3c)

Thus the expression for µm of YIG in the spherical coordinate
system is obtained as:

𝜇m =
⎛⎜⎜⎝
𝜇r 0 i𝜇k
0 𝜇0 0
−i𝜇k 0 𝜇r

⎞⎟⎟⎠ (4)

𝜇r = 1 +
𝜔m(𝜔0 − i𝜂𝜔)

(𝜔0 − i𝜂𝜔)2 − 𝜔2
(5a)

𝜇k =
𝜔m𝜔

(𝜔0 − i𝜂𝜔)2 − 𝜔2
(5b)

Here, 𝜔m = 2𝜋fm is the circular frequency with
fm = 2.8 × 106 × Ms, where Ms is the saturation magnetiza-
tion equal to 1780 Oe. 𝜔0 = 2𝜋f0 is the resonance frequency
with f0 = 2.8 × 106 × H0, for which H0 is the external magnetic
field and 𝜔0 is associated with H0. In addition, 𝜂 = 0.002 is
the damping constant and the dielectric constant of the ferrite
material 𝜖m = 15.[33]

The effective permeability and effective refractive index of the
YIG in the TE waves can be written as 𝜇eff = [𝜇2r + (i𝜇k)

2]∕𝜇r and

nTE =
√
[𝜀m(𝜇r2 + (j𝜇k)

2)]∕𝜇r, severally. Due to the ferrite mate-
rial is not susceptible to the TM waves, the effective permeability
and effective refractive index of the YIG in the TM waves can be
formulated as µ0 and nTM =

√
𝜀m ⋅ 𝜇0, separately.

[33]

The time-dependent Maxwell’s equations can be expressed in
the following form:

∇ × E = −𝜇0𝜇m
𝜕H
𝜕t

(6)

∇ ×H = 𝜀0𝜀m
𝜕E
𝜕t

(7)

Considering the TE waves, the electric and magnetic fields are
protrayed as:

E =
(
0, E𝜃 , 0

)
e−i𝜔t (8)

H =
(
Hr, 0, H𝜑

)
e−i𝜔t (9)

The studied spherical waves are simple harmonics, and the
field quantities all vary with time at a certain angular frequency
according to the sinusoidal law, so the wave components in the

three directions can be expressed in complex form, and the use of
complex arithmetic law can reduce the time order and eliminate
the time factor. The influence of time on the electric and mag-
netic field components can be disregarded in the derivation of
the formula, which facilitates mathematical calculation. Consid-
ering the propagation of the diverging or converging spherical
waves, the derivative with respect to 𝜓 can be omitted. Substi-
tuting the above equation into Maxwell’s system of equations to
expand, the following equation is obtained.

1
r2 sin 𝜃

𝜕

𝜕𝜑

(
rE𝜃

)
= i𝜔𝜇0

(
𝜇rHr + i𝜇kH𝜑

)
(10)

1
r

[
𝜕

𝜕r

(
rE𝜃

)]
= i𝜔𝜇0

(
i𝜇kHr − 𝜇rH𝜑

)
(11)

1
r sin 𝜃

[
𝜕Hr

𝜕𝜑
− 𝜕

𝜕r

(
r sin 𝜃H𝜑

)]
= i𝜔𝜀0𝜀mE𝜃 (12)

Then get,

H𝜑 = 1
𝜇2r − 𝜇

2
k

⋅
1

i𝜔𝜇0r

[
i𝜇k

r sin 𝜃
𝜕

𝜕𝜑

(
rE𝜃

)
− 𝜇r

𝜕

𝜕r

(
rE𝜃

)]
(13)

Hr =
1

𝜇2r − 𝜇
2
k

⋅
1

i𝜔𝜇0r

[
i𝜇k

𝜕

𝜕r

(
rE𝜃

)
+

𝜇r

r sin 𝜃
𝜕

𝜕𝜑

(
rE𝜃

)]
(14)

Then substitute Equations (13) and (14) into Equation (11) and
bond the above results to obtain the equation expression of E𝜃 as
follows:

1
r2
𝜕

𝜕r

(
r2
𝜕E𝜃
𝜕r

)
+ 1
r2sin2𝜃

𝜕2E𝜃
𝜕𝜑2

+ k2E𝜃 = 0 (15)

Worthy of mention is that, considering the field generated by
TE polarization, the wave vector k in Equation (15) is shown as
𝜔
√
𝜀0𝜀m𝜇0𝜇eff ⋅ cos 𝛾 , where 𝛾 indicates the incident angles of the

surfaces.
Define E𝜃(x) = V(x)Ψ(𝜑), where x = kr. It is toilless to be con-

vinced of that the angular part of E𝜃 meets the following equation:

d2Ψ
d𝜑2

+m2𝜑 = 0 (16)

Taking full advantage of the properties of the differential equa-
tion can yieldΨ ∼ eim𝜑, for whichm can be positive integers, zero
and negative integers.
Let

m2 = l (l + 1) sin2𝜃 (17)

Concatenating Equations (15), (16), and (17), the equation on
V(x) can be adapted to a standard spherical Bessel equation.

x2 d
2V
dx2

+ x dV
dx

+
[
x2 −

(
l + 1

2

)2]
V (x) = 0 (18)
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V(x) can be indicated by a linear combination of solutions of
the standard spherical Bessel equation.

V (x) = Ajl (x) + Bnl (x) (19)

where jl(x) and nl(x) are semi-odd order Bessel functions, which
are composite functions of power and trigonometric functions.
In the case with spherical waves, the specific expressions of jl(x)
and nl(x) are shown below:

jl (x) =
√

𝜋

2x
Jl+ 1

2
(x)

nl (x) =
√

𝜋

2x
Nl+ 1

2
(x)

(20)

For simplicity, U(x) is represented as:

U (x) = − 1
i𝜔𝜇0r

𝜕

𝜕x
[xV (x)] = − 1

i𝜔𝜇0r

[
V (x) + x

𝜕V (x)
𝜕x

]
(21)

Substitute Equation (19) into Equation (21)

U (x) = − 1
i𝜔𝜇0r

[
Ajl (x) + Bnl (x) + xAjl

′ (x) + xBnl
′ (x)

]
(22)

Here, jl
′(x) and nl

′(x) are the first order derivatives of the semi-
odd Bessel functions, and the corresponding equations are writ-
ten as:

jl
′ (x) =

√
𝜋

2x
J′
l+
1
2

(x) − 1
2

√
𝜋

2
x−

3
2 Jl+ 1

2
(x)

nl
′ (x) =

√
𝜋

2x
N′

l+
1
2

(x) − 1
2

√
𝜋

2
x−

3
2Nl+ 1

2
(x)

(23)

To correlate the 1-DSPCs at different radii, the TMM is put into

use. We define a set of vectors (
V(x)
U(x)

)and make it possible to link

them with vectors at other radii by calculating the homologous
transmissionmatrix. Presume that the initial radius is r0 and x0 =
kr0(
V (x)
U (x)

)
= M

(
V
(
x0
)

U
(
x0
)) =

(
M11 M12
M21 M22

)(
V
(
x0
)

U
(
x0
)) (24)

This matrix equation has the capability to connect two non-
zeromagnetic fields at two different radial positions r0 and r. Tak-
ing special values for V(x) and U(x) is a decent way to earn the
elements of the transmission matrixM.
For the purpose of further predigesting the calculation, first we

assume that:

V
(
x0
)
= 1

U
(
x0
)
= 0

(25)

Therefore, coalescing the knowledge of matrix calculation, it
can be overtly obtained the detailed expression ofM11 andM21.

M11 = V (x) = Ajl (x) + Bnl (x) (26)

M21 = U (x) = − 1
i𝜔𝜇0r

[
Ajl (x) + Bnl (x) + xAjl

′ (x) + xBnl
′ (x)

]
(27)

The special values of V(x) and U(x) to determine the expres-
sions forA andB. Substituting Equations (19) and (22) into Equa-
tion (25), the following results can be gotten:

V
(
x0
)
= Ajl

(
x0
)
+ Bnl

(
x0
)
= 1

U
(
x0
)
= Ajl

(
x0
)
+ Bnl

(
x0
)
+ x0Ajl

′ (x0) + x0Bnl
′ (x0) = 0

(28)

The values of A and B are as follows:

A = 1
jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]

B = 1
nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

] (29)

Consequently, the constant terms of M11andM21 in the trans-
mission matrix M are solved and Equations (26) and (27) are
rewritten as:

M11 =
jl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

nl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]
(30)

M21 = − 1
i𝜔𝜇0r

{
jl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

nl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]
+

xjl
′ (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

xnl
′ (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]} (31)
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Then, V(x)and U(x)are assigned the values to:

V
(
x0
)
= 0

U
(
x0
)
= 1

(32)

Cushy to get:

M12 = V (x) = Cjl (x) + Dnl (x) (33)

M22 = U (x) = − 1
i𝜔𝜇r

[
Cjl (x) + Dnl (x) + xCjl

′ (x) + xDnl
′ (x)

]
(34)

Similar to the solving for A and B, substituting Equations (19)
and (22) to Equation (32).

V
(
x0
)
= Cjl

(
x0
)
+Dnl

(
x0
)
= 0

U
(
x0
)
= − 1

i𝜔𝜇0r0

[
Cjl

(
x0
)
+Dnl

(
x0
)
+ x0Cjl

′ (x0) + x0Dnl
′ (x0)] = 1

(35)

The values of C and D are indicated below:

C = 1
nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

−
i𝜔𝜇0
k

nl
(
x0
)]

D = 1
jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
−
i𝜔𝜇0
k

jl
(
x0
)] (36)

The values of C and D are then brought into Equations (33)
and (34) to calculateM12andM22 in the transmission matrix.

M12 =
jl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

−
i𝜔𝜇0
k

nl
(
x0
)]

+
nl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
−
i𝜔𝜇0
k

jl
(
x0
)]

(37)

M22 = − 1
i𝜔𝜇0r

{
jl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

−
i𝜔𝜇0
k

nl
(
x0
)]

+
nl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
−
i𝜔𝜇0
k

jl
(
x0
)]

+
xjl

′ (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

−
i𝜔𝜇0
k

nl
(
x0
)]

+
xnl

′ (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
−
i𝜔𝜇0
k

jl
(
x0
)]}

(38)

At this point, the transmission matrix of the 1-D SPCs is de-
rived, and when the electromagnetic wave propagates the 1-D
SPCs, the input and output magnetic fields can be contacted by
the total transmission matrix of the structure. If the TM polar-
ization is performed, the elements of the transmission matrix

M2 = (
m11 m12
m21 m22

) take a similar form as Equations (30), (31), (37)

and (38) by simply replacing −µ with 𝜖. m11, m21, m12, and m22
are written as:

m11 =
jl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

nl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]
(39)

m21 =
1

i𝜔𝜀r

{
jl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

nl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]

+
xjl

′ (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
nl

′ (x0) + nl
(
x0
)

x0

]
+

xnl
′ (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

jl
′ (x0) + jl

(
x0
)

x0

]} (40)

m12 =
jl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

i𝜔𝜀
k

nl
(
x0
)]

+
nl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
i𝜔𝜀
k

jl
(
x0
)]

(41)

m22 =
1

i𝜔𝜀r

{
jl (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

i𝜔𝜀
k

nl
(
x0
)]

+
nl (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
i𝜔𝜀
k

jl
(
x0
)]

+
xjl

′ (x)

nl
(
x0
)
jl
′ (x0) − n′ l

(
x0
)
jl
(
x0
) [

i𝜔𝜀
k

nl
(
x0
)]

+
xnl

′ (x)

jl
(
x0
)
n′ l

(
x0
)
− nl

(
x0
)
jl
′ (x0)

[
i𝜔𝜀
k

jl
(
x0
)]} (42)
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Figure 3. The schematic diagram of spherical wave propagation at pos-
itive incidence, where the surface interface is intentionally drawn as a
straight line for ease of illustration.

However, for wave propagation, it is convenient to represent
the field as the sum of two opposite propagating waves, which is
the superposition of the incident and outgoing waves. To meet
the computational requirements, these two waves are generally
expressed by two Hankel functions:

h(1)1 (x) = jl (x) + inl (x)
h(2)1 (x) = jl (x) − inl (x)

(43)

For the TE waves, the electric and magnetic fields are decom-
posed into the incident and outgoing directions, which are writ-
ten as the following expressions:

E+
𝜃
(x) = Qh(2)l (x) eim𝜑

E−
𝜃
(x) = Ph(1)l (x) eim𝜑

(44)

For the sake of observation and understanding, the discus-
sion here focuses on the case when 𝛾 = 0. By defining the in-
cident spherical wave as 1 and analogizing it to Airy’s formula in
the plane, the outgoing spherical wave can be expressed by the
transmission coefficient td and the reflected spherical wave by
the reflection coefficient rd. At the same time, the expression of
the transmission matrix of each layer after the incident spherical
wave can be readily obtained by utilizing the TMM, which makes
the propagation of the spherical wave in 1-D MFSPCs regular. It
is therefore associated that the TMM can be combined with the
propagation model of Figure 3 to obtain expressions for rd and
td.

[15]

Further, it is not possible to solve for the rd and td variables
by the electric or magnetic field equations alone. Notice that the
electric andmagnetic fields can be related to each other using the
Hankel function as follows.

H+
𝜑
(x) = −

QC(2)
l
(x)

i𝜔𝜇0r
E+
𝜃
(x)eim𝜑 (45)

H−
𝜑
(x) = −

PC(1)
l
(x)

i𝜔𝜇0r
E−
𝜃
(x)eim𝜑 (46)

where,

C(2)
l
(x) = 1 + x

h(2)
l

′
(x)

h(2)
l
(x)

C(1)
l
(x) = 1 + x

h(1)
l

′
(x)

h(1)
l
(x)

(47)

Integrating the above analysis and referring to the structure of
Figure 1, the outgoing wave is incident to the r = r0 interface and
ultimately exits from the r = rf interface. The electric and mag-
netic fields at r0 and rf are denoted singly. On account, TMM can
concatenate 1-D SPCS of different radii, the reflection coefficient
rd, and transmission coefficient td can be characterized by the el-
ements in the transmission matrixM.(

1 + rd
−C(2)

l (x0)
i𝜔𝜇0r0

− C(1)
l (x0)
i𝜔𝜇0r0

rd

)
= M−1

(
td

−C(2)
l (xf )
i𝜔𝜇0rf

td

)
(48)

where

M = M1M2M1…M2M1M2

M−1 =
(
M′

11 M
′
12

M′
21 M

′
22

)
(49)

The basic knowledge of matrices is applied to Equation (41).
Synthesizing the above results, we determine the expressions for
the reflection and transmission coefficients rd and td.

td =
C(1)
l

(
x0
)
− C(2)

l

(
x0
)

i𝜔𝜇0r0

[
M′

11
C(1)
l (x0)
i𝜔𝜇0r0

M′
21 −

C(2)
l (xf )
i𝜔𝜇0rf

⋅
C(1)
l (x0)
i𝜔𝜇0r0

M′
12 −M′

22
C(2)
l (xf )
i𝜔𝜇0rf

]
(50)

rd =

[
M′

11 −M′
12

C(2)
l

(
xf
)

i𝜔𝜇0rf

]
td − 1 (51)

Moreover, combining the above theoretical treatment, the ab-
sorptance (Ab), transmittance (T), and reflectance (R) of 1-D MF-
SCPs are completely deduced.

T = ||td||2R = ||rd||2 (52)

Ab = 1 − T − R (53)

3. Analysis and Discussion

The absorption, reflection, and transmission spectra of the 1-D
MFSPCs under the TE modes and TM modes are exhibited in
Figure 4, where 𝛾 is 75°, r0 is 1mm,H0 is 6500 Oe, dA = 0.05mm,
and dB = 2 mm. It is apparent that in the TM waves, the refrac-
tive index of YIG is a definite constant independent of frequency
owing to the absence of interaction between the TM waves and
the ferrite material. Therefore, under the TM polarization, YIG
is treated as a general metallic material and the absorptance and
reflectance expressions are derived in combination with TMM.
Based on the absorption and reflection spectra of the TMwaves in
Figure 4, it is effortless to detect that the 1-D MFSPCs have sim-
ilar transmission properties to 1-D SPCs composed of a general
dielectric, and emerge as a comb of spectral lines. Ulteriorly, the
spectra of TE polarization are analyzed. The YIG is an anisotropic
material whose magnetic permeability is tensor under the action
of an external magnetic field. Therefore, the refractive index of
the YIG varies with frequency in the TE waves. From Figure 4, it
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Figure 4. The absorption and reflection spectra of the TE and TM waves at 𝛾 = 75°, r0 = 1 mm, dA = 0.05 mm, dB = 2 mm, and the external magnetic
field H0 = 6500 Oe.

is observed in a breeze that 1-D MFSPCs form multiple absorp-
tion bands (ABs) in the 150–700 GHz. Noteworthy, the refrac-
tive index of the YIG mutates in particular frequency ranges,[34]

and the intensity and frequency band of the mutation are hinged
on the external magnetic field. Meanwhile, an AB extends from
164.7 to 434.6 GHz. It coincides with the band where YIG refrac-
tive index saltates. Therefore, it is inferred that the formation of
the AB in the 164.7–434.6 GHz band is related to the refractive
index change of YIG. Electromagnetic waves in this frequency
band can be absorbed by such 1-D MFSPCs. Scanning the trans-
mission spectrum, it is apparent that the transmittance is close
to 0 and fluctuates fantastically trifling under the TEmode. How-
ever, the transmittance spectrumunder TMpolarization is comb-
shaped and the peak points are identical to the absorption one,
which leads to the conclusion that the alteration of transmittance
is caused by themutual effect of absorptance and reflectance. Un-
doubtedly, the presented 1-D MFSPCs show different absorption
features in the TE and TMwaves, which are related to the features
of YIG.
Thanks to the tunable nature of YIG under the magneto-

optical effect, the change of the external magnetic field affects
the absorption spectra of the 1-D MFSPCs. It is deduced from
Figure 5 that the effects of the external magnetic field on the ABs
are dominantly in the frequency band position. The absorption
curves plotted for H0 are 6000, 6250, 6500, and 7000 Oe with
𝛾 = 75°, r0 = 1 mm, dA = 0.05 mm, and dB = 2 mm. The ABs
of the 1-D MFSPCs shift toward the high-frequency region with
the enlargement ofH0. According to the following pictures, it can

Figure 5. The impacts of H0 on the absorption spectra of the TE waves at
𝛾 = 75°, r0 = 1 mm, dA = 0.05 mm, and dB = 2 mm.

be comprehended that the absorption peak exists at 146.1 GHz
for H0 = 6000 Oe, with a maximum absorptance of 0.96. Simul-
taneously, an AB is generated between 158.4 and 434.2 GHz.
At H0 = 6250 Oe, the absorption peak is readily detected at
149.9 GHz and the AB is positioned in the 161.4–434.44 GHz
band. If H0 = 6500 Oe, the appearance of the absorption peak
can be noticed at 153.6 GHz, where the peak of the absorption is
≃H0 = 6000 Oe. The AB also moves toward the higher frequen-
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Figure 6. The absorption spectra when r0 = 1 mm, dA = 0.05 mm, dB = 2 mm, and H0 = 6500 Oe. a) The influences of incident angle 𝛾 on absorption
under the TE polarization, b) the effects of incident angle 𝛾 variation on absorption under the TM polarization.

cies and includes the region from 164.7 to 434.6 GHz. Similarly,
definingH0 = 7000 Oe, the absorption peak occurs at 161.3 GHz
and the AB is located in the 171.3–435.1 GHz band. Overall, the
1-D MFSPCs have exceptional tunability, making it possible to
shift the ABs to high-frequency interval by enhancing the exter-
nal magnetic field.
Figure 6 gives the absorption spectra when r0 = 1 mm,

dA = 0.05mm, dB = 2mm, andH0 = 6500Oe for the angle change
from 0° to 90°. For the TE waves, an AB can be formed when 𝛾 is
in the range of 65° to 80°. The AB is broad near the 𝛾 = 75°, and
the absorptance of the 1-D MFSPCs gradually descends when 𝛾
is larger than 80°. When 𝛾 = 89°, the absorptance is≈0. Figure 6a
shows that a wider AB can be formed by appropriately raising 𝛾
under the TE polarization conditions, which can achieve remark-
able performance with more than 90% of electromagnetic waves
being absorbed. A larger incidence angle is indispensable for the
formation of an ultra-wide AB.
It is manifest from Figure 6b that the absorption spectra of the

1-D MFSPCs between 𝛾 = 0° and 𝛾 = 50° have similar trends
to those under the TE polarization. When 𝛾 is small, neither the
TE polarization nor the TM one can form the expansive ABs, so
the absorption spectra under the two conditions are somewhat
comparable. When 𝛾 continues to increase, unlike the extremely
broad ABs formed under the TE polarization, the 1-DMFSPCs in
the TMwaves form absorption peaks, and the number of absorp-
tion peaks is negatively correlated with 𝛾 . When 𝛾 is equal to 89°,
the number of absorption peaks is the least. The reason why the
TE and TMwaves show distinct differences in absorption spectra
under the variation of 𝛾 is that the magnetic dipole of YIG inter-
acts only with TE waves, satisfying the needs of diverse physical
scenarios.
Figure 7 depicts the angular variation profiles for adjusting

the media thickness with r0 = 1 cm and H0 = 6500 Oe, where
a) dA = 0.05 mm, dB = 2 mm in the figure, b) dA = 0.05 mm,
dB = 2 mm is set in the figure, c) dA = 0.05 mm, dB = 2 mm
in the figure, d) dA = 0.05 mm, dB = 2 mm is specified. From
Figure 7a–c, between 𝛾 = 0–50°, there is no emblematic AB for-
mation, and a wide variety of absorption peaks can be perceived.
It is also undemanding to observe that the absorption spectra are
characterized by periodic and the range of periodic frequencies
narrows and accrues in number as the dB enlarges. A striking
difference occurs when 𝛾 is between 65° and 80°, the ABs can be
formed in the 1-DMFSPCs of all three cases, but the bandwidths

of the ABs become narrower when the YIG thickness increases.
From Figure 7d, it can be seen that the absorptance is consider-
ably affected when dB decreases. The maximum absorptance is
only 60% which generates large amounts of energy dissipation.
Neither ABs nor absorption peaks appear, and the vast majority
of electromagnetic waves are not absorbed by the 1-D MFSPCs.
Therefore, it can be deduced that the proper dB is the key to en-
suring the superior absorption performance of the 1-DMFSPCs.
In the following, attention is turned to the initial radius, when

dA = 0.05 mm, dB = 2 mm, and H0 = 6500 Oe, the absorption
charts formed by taking r0 = 10 mm, r0 = 50 mm, r0 = 100 mm,
and r0 = 1 mm, respectively, as shown in Figure 8. For Figure 8a,
the widest AB is obtained at 𝛾 = 75° for r0 = 1 mm. In Figure 8b,
the 1-D MFSPCs do not form any ABs at r0 of 50 mm, and the
maximum value of absorptance is ≈0.6, which is much lower
than the case where r0 is 10 mm. In contrast to Figure 8a, al-
though the absorptance of the 1-D MFSPCs with r0 = 50 mm
reduces, the trend of the absorptance with the incident angles is
generally comparable, and the highest values of the absorptance
all arise at large incident angles. It is further demonstrated that a
large angle of incidence is essential for the formation of absorp-
tion bands. Figure 8c is akin to Figure 8b in that the absorptance
declines significantly when r0 is 100 mm compared to the 1-D
MFSPCs with r0 = 10 mm. In this case, r0 differs from dA and dB
by several orders ofmagnitude, and the curvature of the spherical
surface can be approximated as infinity. Therefore, the transmis-
sion properties of the 1-D MFSPCs are similar to those of the
1-D PPCs. The absorptance is at a low level due to the limitations
of the initial radius, dielectric thickness, and frequency setting.
For Figure 8d, in the case of r0 of 1 mm, ABs appear in the 𝛾
range from 0° to 89°, with numerous wide ABs formed between
the 𝛾 = 60° and 𝛾 = 75°. Since r0 = 1 mm, which is in the same
order of magnitude as dA and dB, the transmission properties of
the spherical wave are more prominent. The peaks of absorption
are not only present in the frequency band with a large incidence
angle but also are distributed in all directions. As a whole, the
absorption spectra have an identical trend, which is determined
by the periodicity of the structure and the nature of the spherical
waves. However, different r0 can obtain ABs located in different
frequency bands, and the number of ABs can also be altered by
manipulating r0. When constructing a 1-DMFSPCs structure, in
addition to considering the incidence angle, material thickness,
and the magnitude of the external magnetic field, determining
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Figure 7. The effects of dB on the absorption spectra of the TE waves, when dA = 0.05 mm, r0 = 1 cm and H0 = 6500 Oe. a) dB = 2 mm, b) dB = 5 mm,
c) dB = 1 mm, and d) dB = 0.1 mm.

Figure 8. The influences of r0 on the absorption spectra of the TE waves, when dA = 0.05 mm, dB = 2 mm and H0 = 6500 Oe. a) r0 = 10 mm, b)
r0 = 50 mm, c) r0 = 100 mm, and d) r0 = 1 mm.

the appropriate r0 according to practical needs is also a decisive
factor.

4. Conclusion

In summary, a theoretical study of the 1-D MFSPCs is carried
out by the TMM. The electric and magnetic field equations of 1-
D SPCs are deduced based on the set of Maxwell’s equations and
the properties of spherical waves. Using the method of solving
the spherical Bessel equation, the equation is analyzed theoret-
ically and the expressions for the absorptance, reflectance, and
transmittance of the 1-D MFSPCs are derived.

Meanwhile, the 1-DMFSPCs structure is designed to verify the
expressions by combining the above-derived transmission prop-
erty expressions. The structure is formed by the periodic arrange-
ment of the general dielectric and YIG.When 𝛾 = 75°, r0 = 1mm,
dA = 0.05 mm, dB = 2mm, andH0 = 6500 Oe, such 1-DMFSPCs
can form a wide AB between 164.7 and 434.6 GHz and has pre-
eminent absorption performance. The parameters affecting the
absorption are also discussed. Unlike the 1-D PPCs, the absorp-
tion properties of the 1-D MFSPCs are not only related to the
external magnetic field, the incident angle, and the thickness of
YIG, but also are closely dependent on the initial radius of the 1-D
MFSPCs. The 1-D MFSPCs are tunable and can shift the absorp-
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tion spectra to the high-frequency region by boosting the exter-
nal magnetic field. The magnitudes of dB and r0 are not linearly
related to the absorptance, and the parameters can be designed
according to the actual needs. The ABs of the 1-D MFSPCs not
only can alter with the external magnetic field but also by adjust-
ing incidence angle, medium thickness, and initial radius. Man-
ifold absorption spectra can be devised to meet the requirements
in different cases, which is the embodiment of the high practi-
cality and flexibility of 1-D SPCs. This research has tremendous

potential in the fields of the design of multitasking absorbers and
radomes.

Appendix
For matrixM in Equation (49), the specific representation is as follows.

To facilitate the calculation and reading, the transmission matrix of this
structure is partitioned and each 4-layer is represented by a matrix, and
the total transmission matrix is obtained by multiplying 5 matrices.

M1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a4 ×
(
a3 × (a1 × a2 + b1 × c2)
+c3 × (a1 × b2 + b1 × d2)

)
b4 ×

(
a3 × (a1 × a2 + b1 × c2)
+c3 × (a1 × b2 + b1 × d2)

)
+c4 ×

(
d3 × (a1 × a2 + b1 × c2)
+d3 × (a1 × b2 + b1 × d2)

)
+d4 ×

(
d3 × (a1 × a2 + b1 × c2)
+d3 × (a1 × b2 + b1 × d2)

)
a4 ×

(
a3 × (a2 × c1 + c2 × d1)
+c3 × (b2 × c1 + d1 × d2)

)
b4 ×

(
a3 × (a2 × c1 + c2 × d1)
+c3 × (b2 × c1 + d1 × d2)

)
+c4 ×

(
d3 × (a2 × c1 + c2 × d1)
+d3 × (b2 × c1 + d1 × d2)

)
+d4 ×

(
d3 × (a2 × c1 + c2 × d1)
+d3 × (b2 × c1 + d1 × d2)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A1)

M2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a8 ×
(
a7 × (a5 × a6 + b5 × c6)
+c7 × (a5 × b6 + b5 × d6)

)
b8 ×

(
a7 × (a5 × a6 + b5 × c6)
+c7 × (a5 × b6 + b5 × d6)

)
+c8 ×

(
b7 × (a5 × a6 + b5 × c6)
+d7 × (a5 × b6 + b5 × d6)

)
+d8 ×

(
b7 × (a5 × a6 + b5 × c6)
+d7 × (a5 × b6 + b5 × d6)

)
a8 ×

(
a7 × (a6 × c5 + c6 × d5)
+c7 × (b6 × c5 + d5 × d6)

)
b8 ×

(
a7 × (a6 × c5 + c6 × d5)
+c7 × (b6 × c5 + d5 × d6)

)
+c8 ×

(
b7 × (a6 × c5 + c6 × d5)
+d7 × (b6 × c5 + d5 × d6)

)
+d8 ×

(
b7 × (a6 × c5 + c6 × d5)
+d7 × (b6 × c5 + d5 × d6)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A2)

M3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a12 ×
(
a11 × (a9 × a10 + b9 × c10)
+c11 × (a9 × b10 + b9 × d10)

)
b12 ×

(
a11 × (a9 × a10 + b9 × c10)
+c11 × (a9 × b10 + b9 × d10)

)
+c12 ×

(
b11 × (a9 × a10 + b9 × c10)
+d11 × (a9 × b10 + b9 × d10)

)
+d12 ×

(
b11 × (a9 × a10 + b9 × c10)
+d11 × (a9 × b10 + b9 × d10)

)
a12 ×

(
a11 × (a10 × c9 + c10 × d9)
+c11 × (b10 × c9 + d9 × d10)

)
b12 ×

(
a11 × (a10 × c9 + c10 × d9)
+c11 × (b10 × c9 + d9 × d10)

)
+c12 ×

(
b11 × (a10 × c9 + c10 × d9)
+d11 × (b10 × c9 + d9 × d10)

)
+d12 ×

(
b11 × (a10 × c9 + c10 × d9)
+d11 × (b10 × c9 + d9 × d10)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A3)

M4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a16 ×
(
a15 × (a13 × a14 + b13 × c14)
+c15 × (a13 × b14 + b13 × d14)

)
b16 ×

(
a15 × (a13 × a14 + b13 × c14)
+c15 × (a13 × b14 + b13 × d14)

)
+c16 ×

(
b15 × (a13 × a14 + b13 × c14)
+d15 × (a13 × b14 + b13 × d14)

)
+d16 ×

(
b15 × (a13 × a14 + b13 × c14)
+d15 × (a13 × b14 + b13 × d14)

)
a16 ×

(
a15 × (a14 × c13 + c14 × d13)
+c15 × (b14 × c13 + d13 × d14)

)
b16 ×

(
a15 × (a14 × c13 + c14 × d13)
+c15 × (b14 × c13 + d13 × d14)

)
+c16 ×

(
b15 × (a14 × c13 + c14 × d13)
+d15 × (b14 × c13 + d13 × d14)

)
+d16 ×

(
b15 × (a14 × c13 + c14 × d13)
+d15 × (b14 × c13 + d13 × d14)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A4)

M5 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a20 ×
(
a19 × (a17 × a18 + b17 × c18)
+c19 × (a17 × b18 + b17 × d18)

)
b20 ×

(
a19 × (a17 × a18 + b17 × c18)
+c19 × (a17 × b18 + b17 × d18)

)
+c20 ×

(
b19 × (a17 × a18 + b17 × c18)
+d19 × (a17 × b18 + b17 × d18)

)
+d20 ×

(
b19 × (a17 × a18 + b17 × c18)
+d19 × (a17 × b18 + b17 × d18)

)
a20 ×

(
a19 × (a18 × c17 + c18 × d17)
+c19 × (b18 × c17 + d17 × d18)

)
b20 ×

(
a19 × (a18 × c17 + c18 × d17)
+c19 × (b18 × c17 + d17 × d18)

)
+c20 ×

(
b19 × (a18 × c17 + c18 × d17)
+d19 × (b18 × c17 + d17 × d18)

)
+d20 ×

(
b19 × (a18 × c17 + c18 × d17)
+d19 × (b18 × c17 + d17 × d18)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A5)
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M−1 = M1 ×M2 ×M3 ×M4 ×M5 (A6)

The detailed expressions for each element are as follows.

a1 =
jl (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
nl

′ (k1r0) +
nl (k1r0)

k1r0

]

+
nl (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
jl
′ (k1r0) +

jl (k1r0)

k1r0

]
(A7)

a2 =
jl (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
nl

′ (k2r1) +
nl (k2r1)

k2r1

]

+
nl (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
jl
′ (k2r1) +

jl (k2r1)

k2r1

]
(A8)

a3 =
jl (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
nl

′ (k1r2) +
nl (k1r2)

k1r2

]

+
nl (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
jl
′ (k1r2) +

jl (k1r2)

k1r2

]
(A9)

……

a19 =
jl (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
nl

′ (k1r18) +
nl (k1r18)

k1r18

]

+
nl (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
jl
′ (k1r18) +

jl (k1r18)

k1r18

]
(A10)

a20 =
jl (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
nl

′ (k2r19) +
nl (k2r19)

k2r19

]

+
nl (k2r20)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
jl
′ (k2r19) +

jl (k2r19)

k2r19

]
(A11)

In summary, based on the results obtained from the TMM calculations,
the generic expression for the matrix element an is:

an =
jl
(
k1∕2rn

)
jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)[

nl
′ (k1∕2rn−1) + nl (xn−1)

k1∕2rn−1

]

+
nl
(
k1∕2rn

)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

)
[
jl
′ (k1∕2rn−1) + jl

(
k1∕2rn−1

)
k1∕2rn−1

]
(A12)

where n is taken from 1 to 20, corresponding to the nth layer of themedium
from the inside out, and jl(k1/2rn), jl’(k1/2rn), nl (k1/2rn), and nl’(k1/2rn) are
the spherical Bessel functions and their first order derivatives, which are
not expanded here. Regarding the structure of 1-DMFSPCs constructed in
this paper, for example, k1 = 𝜔∕c ⋅ np ⋅ cos 𝛾1 is chosen as the wave vector
when n is odd, and k2 is chosen as the wave vector when n is evenk2 =

𝜔
√
𝜀0𝜀m𝜇0𝜇eff ⋅ cos 𝛾2 = 𝜔∕c ⋅ nTE ⋅ cos 𝛾2. To add, here 𝛾1 is the angle of

incidence and 𝛾2 can be calculated by Fresnel’s theorem.
The magnetic field magnitudeH0 is contained in k2, which is related to

µeff. The specific relationships are as follows.

𝜇eff =
[
𝜇2r + (i𝜇k)

2
]
∕𝜇r (A13)

𝜇r = 1 +
𝜔m(𝜔0 − i𝜂𝜔)

(𝜔0 − i𝜂𝜔)2 − 𝜔2
(A14)

𝜇k =
𝜔m𝜔

(𝜔0 − i𝜂𝜔)2 − 𝜔2
(A15)

𝜔0 = 2𝜋f0 is the resonance frequency with f0 = 2.8 × 106 × H0. It can be
understood that the parameters 𝛾 , and H0 are related to the wave vector
k2, and changing the parameters is an adjustment of k2, which in turn
affects the overall absorption spectra.

Homoplastically,

b1 =
jl (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
−
i𝜔𝜇0
k1

nl (k1r0)
]

+
nl (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
−
i𝜔𝜇0
k1

jl (k1r0)
]

(A16)

b2 =
jl (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
−
i𝜔𝜇0
k2

nl (k2r1)
]

+
nl (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
−
i𝜔𝜇0
k2

jl (k2r1)
]

(A17)

b3 =
jl (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
−
i𝜔𝜇0
k1

nl (k1r2)
]

+
nl (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
−
i𝜔𝜇0
k1

jl (k1r2)
]

(A18)

……

b19 =
jl (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
−
i𝜔𝜇0
k1

nl (k1r18)
]

+
nl (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
−
i𝜔𝜇0
k1

jl (k1r18)
]

(A19)

b20 =
jl (k2r20)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
−
i𝜔𝜇0
k2

nl (k2r19)
]

+
nl (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
−
i𝜔𝜇0
k2

jl (k2r19)
]

(A20)

The formula for the general term of bn is:

bn =
jl
(
k1∕2rn

)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

)
[
−
i𝜔𝜇0
k1∕2

nl
(
k1∕2rn−1

)]

+
nl
(
k1∕2rn

)
jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)[

−
i𝜔𝜇0
k1∕2

jl
(
k1∕2rn−1

)]
(A21)
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The selections and definitions of n and k in Equation (A12) are the same
as in the an case.

Finally,

c1 = − 1
i𝜔𝜇0r1

{
jl (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
nl

′ (k1r0) +
nl (k1r0)

k1r0

]
+

nl (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
jl
′ (k1r0) +

jl (k1r0)

k1r0

]

+
k1r1jl

′ (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
nl

′ (k1r0) +
nl (k1r0)

k1r0

]
+

k1r1nl
′ (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
jl
′ (k1r0) +

jl (k1r0)

k1r0

]}
(A22)

c2 = − 1
i𝜔𝜇0r2

{
jl (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
nl

′ (k2r1) +
nl (k2r1)

k2r1

]
+

nl (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
jl
′ (k2r1) +

jl (k1r0)

k1r0

]

+
k2r2jl

′ (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
nl

′ (k2r1) +
nl (k2r1)

k2r1

]
+

k2r2nl
′ (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
jl
′ (k2r1) +

jl (k2r1)

k2r1

]}
(A23)

c3 = − 1
i𝜔𝜇0r3

{
jl (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
nl

′ (k1r2) +
nl (k1r2)

k1r2

]
+

nl (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
jl
′ (k1r2) +

jl (k1r2)

k1r2

]

+
k1r3jl

′ (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
nl

′ (k1r2) +
nl (k1r2)

k1r2

]
+

k1r3nl
′ (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
jl
′ (k1r2) +

jl (k1r2)

k1r2

]}
(A24)

……

c19 = − 1
i𝜔𝜇0r19

{
jl (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
nl

′ (k1r18) +
nl (k1r18)

k1r18

]
+

nl (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
jl
′ (k1r18) +

jl (k1r18)

k1r18

]

+
k1r19jl

′ (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
nl

′ (k1r18) +
nl (k1r18)

k1r18

]
+

k1r19nl
′ (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
jl
′ (k1r18) +

jl (k1r18)

k1r18

]}
(A25)

c20 = − 1
i𝜔𝜇0r20

{
jl (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
nl

′ (k2r19) +
nl (k2r19)

k2r19

]
+

nl (k2r19)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
jl
′ (k2r19) +

jl (k2r19)

k2r19

]

+
k2r20jl

′ (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
nl

′ (k2r19) +
nl (k2r19)

k2r19

]
+

k2r20nl
′ (k2r20)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
jl
′ (k2r19) +

jl (k2r19)

k2r19

]}
(A26)

cn is available as:

cn = − 1
i𝜔𝜇0rn

{
jl (k2r20)

jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)

[
nl

′ (k1∕2rn−1) + nl
(
k1∕2rn−1

)
k1∕2rn−1

]

+
nl
(
k1∕2rn−1

)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

) [
jl
′ (k1∕2rn−1) + jl

(
k1∕2rn−1

)
k1∕2rn−1

]

+
k1∕2rnjl

′ (k1∕2rn)
jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)

[
nl

′ (k1∕2rn−1) + nl
(
k1∕2rn−1

)
k1∕2rn−1

]

+
k1∕2rnnl

′ (k1∕2rn)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

) [
jl
′ (k1∕2rn−1) + jl

(
k1∕2rn−1

)
k1∕2rn−1

]}
(A27)
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In the same way,

d1 = − 1
i𝜔𝜇0r1

{
jl (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
−
i𝜔𝜇0
k1

nl (k1r0)
]
+

nl (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
−
i𝜔𝜇0
k1

jl (k1r0)
]

+
k1r1jl

′ (k1r1)

nl (k1r0) jl
′ (k1r0) − n′ l (k1r0) jl (k1r0)

[
−
i𝜔𝜇0
k1

nl (k1r0)
]
+

k1r1nl
′ (k1r1)

jl (k1r0) n′ l (k1r0) − nl (k1r0) jl
′ (k1r0)

[
−
i𝜔𝜇0
k1

jl (k1r0)
]}

(A28)

d2 = − 1
i𝜔𝜇0r2

{
jl (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
−
i𝜔𝜇0
k2

nl (k2r1)
]
+

nl (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
−
i𝜔𝜇0
k2

jl (k2r1)
]

+
k2r2jl

′ (k2r2)

nl (k2r1) jl
′ (k2r1) − n′ l (k2r1) jl (k2r1)

[
−
i𝜔𝜇0
k2

nl (k2r1)
]
+

k2r2nl
′ (k2r2)

jl (k2r1) n′ l (k2r1) − nl (k2r1) jl
′ (k2r1)

[
−
i𝜔𝜇0
k2

jl (k2r1)
]}

(A29)

d3 = − 1
i𝜔𝜇0r3

{
jl (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
−
i𝜔𝜇0
k1

nl (k1r2)
]
+

nl (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
−
i𝜔𝜇0
k1

jl (k1r2)
]

+
k1r3jl

′ (k1r3)

nl (k1r2) jl
′ (k1r2) − n′ l (k1r2) jl (k1r2)

[
−
i𝜔𝜇0
k1

nl (k1r2)
]
+

k1r3nl
′ (k1r3)

jl (k1r2) n′ l (k1r2) − nl (k1r2) jl
′ (k1r2)

[
−
i𝜔𝜇0
k1

jl (k1r2)
]}

(A30)

……

d19 = − 1
i𝜔𝜇0r19

{
jl (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
−
i𝜔𝜇0
k1

nl (k1r18)
]
+

nl (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
−
i𝜔𝜇0
k1

jl (k1r18)
]

+
k1r1jl

′ (k1r19)

nl (k1r18) jl
′ (k1r18) − n′ l (k1r18) jl (k1r18)

[
−
i𝜔𝜇0
k1

nl (k1r18)
]
+

k1r19nl
′ (k1r19)

jl (k1r18) n′ l (k1r18) − nl (k1r18) jl
′ (k1r18)

[
−
i𝜔𝜇0
k1

jl (k1r18)
]}

(A31)

d20 = − 1
i𝜔𝜇0r20

{
jl (k2r20)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
−
i𝜔𝜇0
k2

nl (k2r19)
]
+

nl (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
−
i𝜔𝜇0
k2

jl (k2r19)
]

+
k2r20jl

′ (k2r20)

nl (k2r19) jl
′ (k2r19) − n′ l (k2r19) jl (k2r19)

[
−
i𝜔𝜇0
k2

nl (k2r19)
]
+

k2r20nl
′ (k2r20)

jl (k2r19) n′ l (k2r19) − nl (k2r19) jl
′ (k2r19)

[
−
i𝜔𝜇0
k2

jl (k2r19)
]}

(A32)

dn can be written as:

dn = − 1
i𝜔𝜇0rn

{
jl
(
k1∕2rn

)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

) [
−
i𝜔𝜇0
k1∕2

nl
(
k1∕2rn−1

)]

+
nl
(
k1∕2rn

)
jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)

[
−
i𝜔𝜇0
k1∕2

jl
(
k1∕2rn−1

)]

+
k1∕2rnjl

′ (k1∕2rn)
nl
(
k1∕2rn−1

)
jl
′ (k1∕2rn−1) − n′ l

(
k1∕2rn−1

)
jl
(
k1∕2rn−1

) [
−
i𝜔𝜇0
k1∕2

nl
(
k1∕2rn−1

)]

+
k1∕2rnnl

′ (k1∕2rn)
jl
(
k1∕2rn−1

)
n′ l

(
k1∕2rn−1

)
− nl

(
k1∕2rn−1

)
jl
′ (k1∕2rn−1)

[
−
i𝜔𝜇0
k1∕2

jl
(
k1∕2rn−1

)]}
(A33)
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The definitions of n and k in Equations (A27) and (A33) are identical to
Equation (A12).
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